The Delerue hyper-Bessel functions that appeared as a multi-index generalizations of the Bessel function of the first type, are closely related to the hyper-Bessel differential operators of arbitrary order, introduced by Dimovski. In this work we consider an enumerable family of hyper-Bessel functions and study the convergence of series in such a kind of functions. The obtained results are analogues to the ones in the classical theory of the widely used power series, like Cauchy-Hadamard, Abel and Fatou theorem. 
Introduction
In 1953, Delerue [1] introduced generalizations of the Bessel function of the first type J ν with vector indices ν = (ν 1 , ν 2 , . . . , ν m ). Later, these functions were also studied by other authors, for example by Marichev [15] , Dimovski [2] , Kljuchantzev [12] , [13] , Dimovski and Kiryakova [3] - [4] , Kiryakova [6] , [7] , etc. The hyper-Bessel functions of Delerue are closely related to the hyperBessel differential operators of arbitrary order m > 1, introduced by Dimovski [2] . These are singular linear differential operators that appear very often in problems of mathematical physics as a generalization of the 2nd order Bessel operator. They can be represented in the alternative forms
for 0 < z < ∞, with sets of (m + 1)
For details, see also Dimovski and Kiryakova [3] , [4] , and Kiryakova [6, Ch.3] . Indeed, as shown in Th. 
under assumption of formal arrangement of the γ-parameters as γ 1 < γ 2 < ... < γ m < γ 1 + 1 and where * means to omit the k-th term in the indices. And then, the solutions of hyper-Bessel ODEs By(z) = λ y(z) + f (z) can be given explicitly in terms of hyper-Bessel functions, series in them, or series in integrals of them ( [6] ).
Evidently, (1.3) are natural generalizations of the Bessel function of the first kind (with m = 2, m−1=1), i.e. 
ν,μ (z), namely 
is given by:
On the other hand, the Delerue hyper-Bessel functions (1.1)-(1.3) are particular cases of the multi-indices Mittag-Leffler functions, as further generalizations of not only the Bessel functions but as well of the Mittag-Leffler functions with respect to number of indices. These have been introduced and studied by Yakubovich and Luchko [22] , Luchko [14] , Kiryakova [8] , [9] , see also Kiryakova [10] and many other authors (e.g. Kilbas, Koroleva, Rogosin [5] , Paneva-Konovska [17] ):
Therefore, the results presented here for the convergence of series in hyper-Bessel functions can be easily specified for series in Bessel functions (of 2nd order), Clifford-Bessel functions of 3rd order, generalized cosine and sine-functions of arbitrary order m, and also extended for series in multi-index Mittag-Leffler functions: as published partly in some of the mentioned cases in Paneva-Konovska [19] , [17] , [18] , [20] .
To specify the family of hyper-Bessel functions in which we consider series in complex plane and their convergence, let us fix an index 1 ≤ i 0 ≤ m and consider such functions with integer indices ν i 0 = n (n = 0, 1, 2, . . . ). The use of n instead of ν i 0 is in order for simplifying the further exposition. Now, for the sake of brevity, set
(1.11) and additionally
(1.12)
Then the functions of the discussed family have indices of the kind (ν i 0 (n)) and, according to (1.3) and (1.9), they can be written in the form:
(1.14)
In this paper we study series in these hyper-Bessel functions and their convergence, providing first an asymptotic formula for "large" values of the indices.
An upper estimate and asymptotic formula
Let z, ν i ∈ C, Re(ν i + 1) > 0 (i = 1, . . . , m) and J (ν i 0 (n)) (n = 0, 1, . . . ) be the functions (1.13). The following results refer to the asymptotic formula for them. 
with A(z; m, n) defined by (1.14) and
for all the values of the variable z in the complex plane C. Moreover, there exists a constant C, such that
on the non-empty compact subsets of C.
P r o o f. In order to prove the theorem, taking into account the relation (1.13), we are going to consider the function
Observe, that the conditions Re(ν i + 1) > 0 and Re(n + 1) > 0, imposed on the given parameters, lead to the conclusion that the coefficients of the above mentioned functions are all different from zero.
We begin our considerations with E m+1
Having in view the specific features of the discussed functions and using their explicit forms, we can write (see for details [17] )
Further, transforming the expression on the right-hand side of the last inequality, we obtain consecutively
, (2.4) whence the validity of (2.1) 
(ν i 0 (n)) has the asymptotic formula given by (2.1) where ϑ n (z) → 0 as n → ∞. Moreover, on the compact subsets of C the convergence of ϑ n (z) is uniform. P r o o f. Let ϑ n be the function in (2.1). Now, having in view that the inequalities (2.2) and (2.3) hold, the confirmation of the result follows automatically. 
Series in hyper-Bessel functions
be the function (ν i 0 (n)) (n ∈ N 0 ), being an entire function, no identically zero, has no more than finite number of zeros in the closed and bounded set |z| ≤ R (see [16] , vol.1, ch. 3, § 6, 6.1, p. 305). Moreover, because of Remark 3.1, no more than finite number of these functions have some zeros, except for the origin.
We consider the family of above discussed functions (3.1) for n ∈ N 0 = {0, 1, 2, . . . } and study the behaviour of the series
in the complex plane.
In the process of studying the series (3.2), we obtain results analogous to the classical ones for the power series ∞ n=0 a n z n . More precisely, it turns out that the series (3.2) has a behaviour like a power series.
Cauchy-Hadamard and Abel type theorems
In the beginning, we state a theorem of Cauchy-Hadamard type and a corollary for the series (3.2) .
In what follows we use the notations D(0; R) and C(0; R) respectively for the open disk centered at the origin with a radius R and its boundary,
Theorem 4.1 (of Cauchy-Hadamard type). The region of convergence of the series (3.2) with complex coefficients a n is the disk D(0; R) with a radius of convergence
R = lim sup n→∞ ( |a n | ) 1/n −1 . (4.1)
More precisely, the series is absolutely convergent in the disk D(0;R) and divergent on the region |z| > R. The cases R = 0 and R = ∞ fall in the general case.
This means that the considered series (3.2) converges in a respective disk, like in the theory of the widely used power series. Analogously, inside this disk, the convergence of (3.2) is uniform, i.e., the following corollary, similar to the classical Abel lemma, holds. 
Then it is absolutely convergent on the disk D(0; |z 0 |). Inside the disk D(0; R), i.e. on each closed disk |z| ≤ r < R (R defined by (4.1)), the convergence is uniform.
T h e p r o o f s of the above formulated assertions go in the same way as in [17] and [19] but using the asymptotic formula (2.1).
2
The very disk of convergence is not obligatory a domain of uniform convergence and on its boundary the series may even be divergent.
Let z 0 ∈ C, 0 < R < ∞, |z 0 | = R and g ϕ be an arbitrary angular region with size 2ϕ < π and with a vertex at the point z = z 0 , which is symmetric with respect to the straight line defined by the points 0 and z 0 and d ϕ be the part of the angular region g ϕ , closed between the angle's arms and the arc of the circle, centered at the origin and touching the arms of the angle.
The next theorem refers to the uniform convergence of the series (3.2) on the set d ϕ and the limit of its sum at the point z 0 , provided z ∈ D(0; R)∩g ϕ . 
and this series converges at the point z 0 of the boundary C(0; R), then:
(i) The following relation holds
(
ii) The series (3.2) is uniformly convergent on the region d ϕ .
T h e p r o o f of this theorem goes in a way, analogous to that in [17] and [19] , but using the asymptotic formula (2.1). We omit the details. 
By this definition it follows that the set of regular points of the power series is an open subset of the circle C(0; R) = ∂D(0; R) with respect to the relative topology on ∂D(0; R), i.e. the topology induced by that of C. In general, there is no relation between the convergence (divergence) of a power series at points on the boundary of its disk of convergence and the regularity (singularity) of its sum of such points. However, under additional conditions on the sequence {a n } ∞ n=0 , such a relation does exist (for details, see Fatou theorem in [16] , Vol.1, Ch. 3, §7, 7.3, p.357), namely:
If the coefficients of the power series (5.1) with the unit disk of convergence tend to the zero, i.e. R = 1 and lim n→∞ a n = 0, then the power series converges, even uniformly, on each arc of the unit circle, all the points of which (including the ends of the arc) are regular for the sum f of the series.
Let us point out that under the hypothesis of the above assertion there exist a region G ⊃ σ and a function f * ∈ H(G) such that f * (z) = f (z) for z ∈ G ∩ D(0; 1). It means that the function f * is an analytical continuation of the function f outside the disk D(0; 1). Moreover, as it is not hard to see, the series (5.1) converges on that open arc σ ⊂ C(0; 1) which contains σ and is included in the region G. Then Abel's theorem yields that the sum of the series (5.1) is f (z) for each z ∈ σ. Therefore, we may assume that the power series (5.1) represents the function f even on the arc σ.
Propositions referring to the properties discussed above have been also established for series in other special functions, e.g. in the Laguerre and Hermite polynomials, as well as in Mittag-Leffler and Bessel systems (see e.g. [21] , resp. [18] , [19] ). Here we give such a type of theorem for the hyper-Bessel systems, as follows. More precisely, it means that ψ is a single valued analytical continuation of F in the domain G.
Let ρ > 0 be the distance between the boundary ∂ G of the region G and the arc σ (∂ G contains a part of the unit circle |z| = 1), and take the points
such that the distances between each of the points ζ 1 , ζ 2 and the respective closer end of the arc σ are equal to ρ/2, and
Define the auxiliary function
and note that, according to Remark 3.1, there exists a natural number N 0 such that J (m) (ν i 0 (n)) (z) = 0 when z = 0 and n > N 0 . Now, letting n ≥ N 0 , we introduce the notation
In order to prove that the sequence
is uniformly convergent on the arc σ, it is sufficiently to show that the sequence {ω n (z)} ∞ n=N 0 tends uniformly to zero on the boundary ∂Δ of the sector Δ = Oz 1 z 2 which is a compact set and after that estimate |ϕ n (z)| on the arc σ.
To this end, we come back to (2.3). Just mention that since lim 
we have to consider four cases as follows.
In the unit disk, according to (5.3), we have consecutively:
Since a n → 0, there exists a number
, and taking into account (2.1) and (5.3) we can write the following inequalities for the absolute value of ω n (z)
Furthermore, having in mind that, from one side:
and on the other side:
, we conclude that 
